We study a two-echelon supply chain inventory model with controllable lead time and service level constraint in fashion supply chains, in which we assume that the unit cost of compressing lead time follows exponential distribution. Under these conditions we investigate the optimal ordering quantity and production quantity in the fashion supply chain by minimizing the joint total cost. Simultaneously, we work out the boundaries of ordering quantity and production quantity, which simplify the computation. Furthermore, numerical examples are presented to test the feasibility of the model. The results show that assuming the unit cost of compressing lead time in accordance with exponential distribution is realistic. It also notices that the optimal order and production decision for fashion supply chains are constrained obviously by the service level and safety factors. What is more, the holding cost rate of both the service level and safety factors has a certain influence on it. And by further analyzing on some references in the last part, we have done some extensions and found some interesting results.
Introduction
The fashion industry has some specific features like short product life cycle, volatile, unpredictable demand, and tremendous product variety. Therefore, an efficient, flexible, and complex supply chain is in urgent need to match those features [1] . Efforts have been made in optimal decision for supply chains with demand variations, credit period, and price discount [2] and also in production and ordering decision in supply chains with uncertainty in two-echelon yields and demand. Even dual-sourcing supply chain model is considered to deal with uncertain demand or supply disruption and other potential problems in supply chains [3] [4] [5] . But for the fashion industry, the service quality also should be considered.
So this paper focuses on efficiency, which requires higher speed. And the higher speed will be generated mainly from shorter lead time with service level constraint. Therefore, we add to these growing efforts of optimizing fashion supply chains by analyzing the order and production decisions under service level constraint and controllable lead time.
To the best of our knowledge, the issue of fashion supply chains' optimal decision under service level constraint and controllable lead time, with the assumption that the cost of compressing lead time is to be exponentially distributed, has never been adequately investigated. The optimal backorder decision and lost sales problem have a close bearing with the service level constraint and controllable lead time [6] . Speed is becoming a strategic competitive weapon and purchasing optimal lead time gradually appeals to the enterprises' and researchers' attention. So it is of great significance to study the order and production decisions of the fashion supply chain with service level constraint and controllable lead time. This paper mainly studies the ordering, production quantity in the fashion supply chain with service level constraint and controllable lead time. It analyzes how to determine the proper point of order quantity and production quantity so as to reach the minimum cost and lead time with service level 2 Mathematical Problems in Engineering constraint. To address these problems, the paper sets out to answer the following questions.
(1) How are the inventory models when considering the cost function of compressing lead time following exponential distribution and its impact on the expected total cost?
(2) With the service level constraint and controllable lead time, what is the optimal decision for fashion supply chains, and how will it affect the optimal decision for fashion supply chains with safety factor? (3) How should each party look for the optimal order quantity and production quantity in fashion supply chains?
The remainder of the paper is organized as follows. Section 2 contains a review of relevant literature. The model assumptions of fashion supply chains are described in Section 3. The buyer's and vendor's inventory model, joint model with controllable lead time are given in Section 4. In Section 5, solution technique steps are shown in detail. To gain thorough comprehension of our dedicated policy, numerical computations and parametric analyses are conducted in Section 6. Extensions are shown in Section 7. Then conclusions and suggestions are made for further researches in the last section.
Literature Review
In the era where efficiency is predominantly seen as the priority, pursuing efficient model of supply chain becomes people's goal with consideration of controllable lead time. Here the efficiency does not simply mean to shorten distance and to improve the speed of the car; it also includes compressing the lead time. Shortening lead time can improve customer service levels and reduce stock costs, ensure safety stock, and so on. As a result, lead time has attracted many scholars' attention, and numerous inventory models have taken lead time and service level into consideration [7] [8] [9] [10] [11] [12] [13] . Now we review related literatures from the following two aspects: lead time and service level.
In the past, various models and mechanisms have been developed to provide a more effective and scientific way for compressing the controllable lead time. Liao and Shyu [14] are among the first ones who assume that lead time is negotiable and can be decomposed into several components, each having a different piecewise linear crash cost function for lead time reduction. After that more and more inventory models concerning lead time reduction issue have been developed. For example, Ben-Daya and Raouf [7] extend Liao and Shyu's model by viewing both lead time and order quantity as decision variables and propose management and control strategy for the lead time on account of those variables. Based on this, Ouyang et al. [15] further consider the circumstances of backorders and stock-out. Moon and Choi [16] and Lan et al. [17] find individual optimal order quantity and optimal lead time for a mixed inventory model, and they develop a simplified solution procedure under a continuous inventory system. Ouyang et al. [18] attempt to derive a continuous review inventory model with defective items, where the order quantity, reorder point, and lead time are taken as decision variables. First they assume that the lead time demand follows a normal distribution and then loosen this assumption by only assuming that the mean and variance of lead time demand are known. Then Ouyang and Wu [19] for the first time take the distribution-free condition into inventory model. They loosen the assumption of the cumulative lead time distribution demand while at the same time develop the minimized distribution-free procedure to determine the optimal lead time and optimal order quantity. With that Ouyang et al. [20] investigate the impact of investing in quality improvement and lead time reduction on the integrated vendor-buyer inventory model with partial backorders, and the minimized distribution-free procedure is applied to solve this problem. On this basis, Jha and Shanker [21] extend the integrated vendor-buyer inventory model to single-vendor multi-buyers integrated production-inventory model. In 2013, there is a big breakthrough on the cost function of compressing lead time. Li et al. [22] for the first time propose that the unit cost of compressing lead time in most periods includes not only the fixed part, but also the variable parts and that these variable parts are sensitive to order quantity. In the real life, more reasonable lead time unit compressing cost should be segmented and be sensitive to order quantity and productivity [23] [24] [25] .
But, for this paper, considering the characteristics of fashion supply chains, we assume that the unit cost of compressing lead time is exponentially distributed. That is because as we all know, in the stage of the clothing of productive processing, the longer the lead time is, the lower the unit cost of compressing lead time is correspondingly. So the unit lead time compressing cost should be shorter during this lead time. There are two reasons why we model stochastic lead time to follow an exponential distribution. First, it is reasonable to assume that a shipment process/system stays as good as new until the shipment finally reaches the destination; that is, the operation of the shipment system has no aging process over the lead time. To fulfill this property, the exponential distribution is the only one to choose among continuous distributions. Second, the exponential distribution is widely used to model many time-oriented variables, such as waiting time or lead time between occurrences of events and lifetime of electrical, mechanical devices or the fashion industry [26] .
Most above-mentioned literatures bring the theory of controllable lead time into the inventory model, but few of them ever consider the service level constraint simultaneously. As for the service level, now the factor has also been often introduced into the inventory model, because it has come to the decision makers that lack of this factor will cause stock-out, customer loss, and so on, of course, which is especially significant for fashion supply chains. Ouyang and Wu [8] suggest that, instead of having a stock-out term in the objective function, a service level constraint, which implies that the stock-out level per cycle is bounded, is added to the model. Chiu et al. [27] consider a market with respect to the service level decision on a particular common service product, finding that one service provider chooses to deviate from the equilibrium service level with the goal of improving market share. So the factor is necessary when considering the stock-out problem with controllable lead time, but few of the previous literatures have included the factor of service level constraint.
Therefore, in analyzing the supply chains of fashion industry, this paper takes the service level into account and also considers the condition that the cost part of compressing controllable lead time is exponentially distributed.
Assumptions
In the analysis, the major presumptions are as follows.
(1) There is a single-vendor and a single-buyer and they deal with a single item with the buyer using a continuous review inventory policy and whenever inventory level falls below the reorder point , the order is placed.
(2) The reorder point is determined by = + √ L, where is safety factor. The mean value of vendor's demand per unit time is , and the variance is 2 .
(3) Because the buyer is allowed to be out of stock, its expectations of stock during the order cycle ( ) = ( − )
(4) According to the definition of service level,
(5) The lead-time-dependent cost follows a function, which is assumed to be exponentially distributed with parameters and . Mathematically, the cost of compressing lead time is
in which ≥ 0, ≥ 0, and ≥ 0.
Model Formulation
In this paper, order quantity, production quantity, and lead time are variable. In order to look for the optimal order quantity, optimal production quantity, and optimal lead time with service level constraint, we establish a model for the total expected cost of the inventory system and minimize it to attain the optimal value of the decisive variables.
The Buyer's Inventory Model (Without Price Discount).
In this paper, for the buyer's expected total cost per unit time, we consider it is the sum of purchasing cost, holding cost, shortage cost, and the lead time crash cost. The formula is as follows:
The buyer's expected purchasing cost per unit time is
For the holding cost per unit time, it contains order quantity, lost sales quantity, and backorder quantity. Hence, the holding quantity per unit time is
According to Assumption 5 in the paper of Hadley and Whitin [28] , we can transform (4) into the following equation and also know that ( ) = ( √ 1 + 2 − )/2:
Hence, the holding cost per unit time is
With regard to the shortage cost, we assume that a price discount of unit reorder product is offered to the customers who are willing to wait for the next replenishment. So the shortage cost contains discount cost and the cost of losing orders, which is shown by the following formula:
Finally, the buyer's expected total cost per unit time is 
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Then the joint expected cost of the inventory system can be obtained as follows:
Solution Technique
In order to obtain the optimal order quantity, optimal production quantity, and optimal lead time with service level constraint, we minimize the joint cost function and calculate the first derivative and the second derivative of all the variables.
Model Analysis.
Calculate the derivative JT on and , respectively. That is,
Then we know 2 JT / 2 > 0, which means that JT are convex in each value of when ≥ 0. So let (11) equal zero; we can get
The derivative of is
that is,
According to (15) and (12), obviously the function is convex in each and for JT ; therefore, we can obtain the following corollaries.
Corollary 1. The function of JT ( , , ) is joint convex in
( , ) when ∈ [ , −1 ] is fixed.
Corollary 2. With service level constraint the optimal order quantity is equal to max( JT , √ ( )/ ) and min
Proof. Because service level √ ( )/ ≤ , we can know √ ( )/ ≤ . When JT ≥ √ ( )/ , the optimal order quantity is JT . But if JT < √ ( )/ , the optimal order quantity is √ ( )/ .
When the lead time is not compressed or is compressed to the minimum, we can obtain that 0 ≤ − ≤ . And then substitute this formula into (13), there will be
Then, min ≤ JT ≤ max .
Optimal Production Quantity Decision.
First, we consider the case when JT is not constrained by service level; that is to say, JT ≥ √ ( )/ . Since
is convex in for fixed and ∈ [ , −1 ], which implies that there must be an optimal = JT to meet the following formula:
First, substitute (13) into (10) , and then to facilitate the calculation we choose to ignore the terms of JT ( JT ) that are independent of , so we have
So,
Ignore the terms of 2 ( ) without , and let
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Then we have
By calculating the above formula, we can obtain
Second, if we consider JT with service level constraint, that means JT ≤ √ ( )/ and the optimal order quantity is √ ( )/ .
In this process, ignore the part BT without ; let
then we have
Simplify it and there will be
Substitute JT = √ ( )/ into (26); then
With (22) and (26) we can estimate the range of , where 0 ≤ − ≤ . And that will help working out the minimum joint cost and the optimal order quantity, optimal production quantity, and optimal lead time with service level constraint. 
Numerical Analysis
In order to test the feasibility of the model, we consider an inventory system with the following characteristics: = 1%, V = 30 USD/unit, = 100 USD/unit, = 0.15, V = 0.2, = 2000 units/a, = 0.5, = 0.8, = 1000, = 3, = 1000 USD/time, = 15 units/week, = 1650 units/a, and = 0.1. Figures 1 and 2 once again prove that (10) and (15) are correct in reality. This shows that JT are convex in each and , which is corresponding with Corollary 1. In Figure 1 , the optimal joint total inventory cost decreases until reaches a certain value, and then it begins to increase. That means the vendor is up to the scale, so there is an optimal making the joint total inventory cost minimum. Table 1 shows the optimal order quantity, lead time, production quantity, and the minimum cost with different service level and safety factor. This table verifies that, with safety factor increasing, the order quantity decreases and the joint cost increases. We also know that if the retailer has high request for the level of service, he/she should burden higher cost accordingly. When is low enough, the optimal joint cost is much higher than the cost with higher and it changes quickly with variance of the safety factor. Whatever the value of is, the influence of on the optimal inventory joint total cost gradually becomes greater until it reaches a certain value, and then its influence becomes weak with increasing. From Table 2 , we can see the effect of holding costs of both the vendor and the buyer on JT . Since of a buyer and V of a vendor may not be the same in practice, we analyze the effect of holding cost rate on the joint total expected cost as shown in Table 2 . When > V , as we can see, the buyer tends to order a small quantity, but that has small influence on the vendor. It indicates that when the buyer has a higher holding cost rate, he/she is more likely to order a smaller quantity each time and to keep his/her average inventory level as low as possible by maintaining higher safety stock. When reaches a certain value, it will have less and less influence on his/her order quantity. But when < V , the buyer will order a larger quantity and the vendor changes little. That means if the buyer has a smaller holding cost rate, he/she is more likely to order a larger quantity each time to keep his/her average inventory level, but small changes in V have little effect on product quantity for the vendor.
Extensions
By reviewing the previous researches, we also find some other interesting issues. The two extensions are shown in detail as follows.
Price Discount Incentives.
Does the optimal decision we have researched above make the fashion supply chain reach its optimality? Is there any other approach to lower their costs? With questions of this kind in mind, we pay attention to the incentive way of offering price discount to the retailer [29, 30] . But how does the supplier determine the specific discount value to make both parties in the chain decrease their cost? Then we calculate the boundary of the price discount by the following analysis, which should ensure no damage to both sides and reduce the cost of the entire fashion supply chain.
If the vendor offers the following price discount scheme,
as an encouragement for the buyer to make decisions to maximize the expected profit and minimize the expected cost of the entire supply chain, then the buyer's cost will be
The buyer accepts the price discount scheme only if the price compensation that the buyer gets exceeds its increased cost, which means
Similarly, the vendor's cost is
The vendor accepts the price discount scheme only if the price compensation that the vendor gives to the buyer is less than his/her decreased cost; that is,
Based on the above discussion we can obtain the result as follows.
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Corollary 3. The vendor and the buyer will accept the price discount mechanism, if
Both of their expected costs will be decreased if the proper price discount meeting the above conditions really exists.
Lead Time Sensitive to
Productivity. By instinct we know that lead time will be compressed shorter with productivity increasing. Is that absolutely right? If it is not right, is there an optimal productivity? To validate these questions, according to Assumption 6 of [22] , we assume that controllable lead time is sensitive to order quantity and productivity, which is
in which ∈ [ , −1 ] and = 1, 2, . . . , . So
We take a derivative of (34) with respect to , and let
Therefore, there is the optimal productivity. Let (35) equal zero; there will be = ( − 2) V V /2. So the vendor's optimal productivity with controllable lead time has the following properties.
Corollary 4.
When there is Lb = ( −2) V V /2, the vendor's productivity will have an optimal value with controllable lead time.
Conclusions
Lead time is becoming increasingly important for industry, especially for fashion supply chains, which has appealed more and more to researchers' and businessmen's attention. The length of lead time represents speed and service level.
In this paper, lead time is controllable and the compressing cost of lead time follows exponential function, the assumption of which is chosen reasonably, creatively, and realistically. In this paper, we consider problems of a two-echelon fashion supply chain consisting of a single-vendor and a single-buyer. On such basis, the centralized model of the fashion supply chain inventory optimization with controllable lead time and service level constraint is proposed. The solution processes to get the optimal solutions are shown. Then we consider a price discount mechanism, which is proposed to ensure both the vendor and the buyer more profit, helping the entire fashion supply chain to reach the Pareto optimality. At the same time, we also extend the compressing cost function of [22] . We assume that the controllable lead time is sensitive to productivity, and the result can help vendors to find the optimal productivity to obtain a win-win situation for both the vendor and the buyer.
At last, the results of numerical example show that assuming the unit cost of compressing lead time to follow exponential distribution is of practical significance for fashion industry. The model provides a theoretical basis for fashion industry much managers to decide the optimal order quantity, optimal production quantity, and optimal lead time with service level constraint. And the optimal order quantity and optimal production quantity both have their boundaries due to the constraint of service level, and what is more, it makes the computation easier. In the future, more efforts can be put in studying different functions of the compressing cost of the lead time.
Notations

:
Order quantity of the buyer :
The length of lead time for the buyer : The number of lots in which the product is delivered from the vendor to the buyer in one production cycle, a positive integer :
The ratio of price discount offered by the vendor, 
